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Abstract — In this paper we prove a common fixed
point theorem for multi-valued and single-valued
mappings in a metric space. The theorem use weakly
compatibility and @-weak contractivity condition with
no continuity requirements. The theorem extends
previous results of Rouhani and Moradi [10].
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1. INTRODUCTION

During the last five decades, study of common fixed
point of mappings satisfying contractive type conditions
has been a very active field, for many mathematicians.
After Jungck has introduced the notion of compatible and
weakly compatible mappings for single valued maps [6]
many authors have immediately extended the concepts to
multi-valued maps ([4], [5], [8]). The concepts have been
used extensively to prove common fixed point theorems.
The concept of weakly contractive were defined by
Daffer and Kaneko [3] in 1995. Alber and Guerr-
Delabriere [2] in 1997 published some principle of
weakly contractive maps in Hilbert spaces. Rhoades
showed that most results of [2] are still true for any
Banach spaces. Also Bae [1] obtained fixed point
theorems of multi-valued weakly contractive mapping.
Kammran [7], Zhang and Song [12], Beg and Abbas,
Bose and Roychowdhury considered some generalized
versions of these mappings and proved some fixed point
theorems in complete metric space.

The purpose of the present paper is to contribute in this
field of investigation by proving some fixed point
theorems for weakly compatible maps with no continuity
and using generalized @-weak contractivity condition on
metric spaces.

2. PRELIMINARIES.

For convenience we start with the following definitions,
lemmas, and theorems.

Let (X,d) be a metric space. We denote the family of

all nonempty, bounded subset of X by B(X).
Definition 2.1. Let A, Be B(X), then

H (A, B) =max<supd(x, B), supd(y, A)
xeA yeB

d(A B)=inf{d(x,y):xe A yeB}
S(A, B)=sup{d(x,y):xe A yeB}
Definition 2.2. A sequence {Aﬁ } of nonempty subset of

X is said to be convergent towards a subset A of X if
i) each point a e Ais a limit of a convergent sequence

{an}, a, A, forneN.
ii) for arbitrary &£ >0, there is an integer m such that for

n>m, A, c A,
where A, ={xe X :Jae A/d(x,a) <&}

A is then said to be the limit of the sequence { A, }.

Lemma 21. Let {A,}, {B,}be sequences in
B(X) converging respectively to A and B in B(X).
Then the sequences of numbers {H(A;,B)},

{d(A,,B,)} and {S(A, B,)} converge to H(A, B),
d(A, B)and &(A,B), respectively.

Lemma 2.2. Let {A,}be sequences in B(X)and
ye X such that S(A,,y) —>0. Then the sequence
{ A, } converges to the set {y} in B(X).

Definition 2.3. A mapping T : X — X is said to be ¢-
weak contraction if there exist a map

@ [0, +o[— [0, +oof with ¢(t) >0 for all t > 0 and
¢(0) =0, such that

d(™x, Ty) <d (X, y) —e(d(x,y)) forall x,ye X .
Definition 2.4. Two set-valued mappings
F,G:X —>B(X), are called generalized ¢-weak
contractions if there exist a map

@:[0,+o[— [0, +oof with  ¢(t) >0for all t>0 and
¢(0) =0, such that

H(Fx,Gy) <M (X, y) —p(M(x,y)) forall x,ye X,
where

d(x,y), d(x,Fx), d(y,Gy),
M (X, y) =max< d(x,Gy) +d(y, Fx)
2

Rouhani and Moradi [10] proved the following theorems

that extended Nadler [9] and Daffer-Koneko’s theorems
[3] and Rhoades [11] and Zhang-Song’s theorems [12].
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Theorem 2.1. Let (X,d) be a complete metric space
and let T,S:X —>CB(X)be two multi-valued
mappings such that for all x,y e X

H(Tx, Sy) <aM(X,y)
where 0<«a <1. Then there exists a point X e X, such
that x eTxand X e Sx. Moreover, if either T or S is

single valued, then this common fixed point is unique.
Theorem 2.2. Let (X,d) be a complete metric space

and let T:X—>Xand S:X —>CB(X) be two
mappings such that for all x,y e X

H{Tx}, Sy) <M(x, y) —p(M(x, y))
where @ :[0, +oo[—[0,+od[ is an ls.c. function with
o(t) >0 forall t>0and ¢(0)=0. Then there exists an
unigue point X € X, such that x=TX € SX.
Definition 2.5. [6] The self maps f, g of X are compatible
iff  lim d(fgx,,gfx,)=0, whenever {x,}is a
n—o0

sequence in X such that lim fx, = lim gx, =t for
N—o0 n—o0

some te X.

Several authors ([4], [5], [8]) extend the Definition 2.3 by
introducing the compatibility of set-valued mappings as
below.

Definition 2.6. The mappings F:X —B(X) and

f : X — X are §-compatible iff lim o(fFx,, Ffx,)=0,
N—00

whenever {X,}is a sequence in X such that

fFx, € B(X), lim Fx, ={t}and lim fx, =t for
nN—oo nN—oo

some te X.

Definition 2.7 [6] The mappings F:X — B(X) and
f : X — X are weakly compatible (or sub compatible)
if they commute at coincidence points that is
{te X I Ft={ft}} = {te X / Fft = fFt} .

In [6] it is proved that weakly commuting maps are
compatible but converse is not true. In [4] and [5] it is
proved that &-compatible mappings are weakly
compatible but the converse is not true.

The aim of this work is to prove a theorem on the
common fixed point for two multi-valued and two single
valued mappings not necessary continuous, where the
multi-valued mappings are generalized ¢-weak
contractions.

3. MAIN REZULTS.
Theorem 3.1. Let F,G:X —B(X) be mappings,

where (X,d) is a complete metric space and let
1,J: X — X be self mappings. Suppose that
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(1) H(FX,Gy) < N(X, y)—o(N(x,y) , where

d(lx, Jy), d(Ix, Fx),d(Jy, Gy),
N(x, y) = max d(Ix, Gy) +d (Jy, Fx)

2

for all x,yeX and ¢:[0,+oo[—[0, 4o is an ls.c.
function with ¢(t) >0 forall t>0and ¢(0)=0.
(2) UG(X) < I(X), UF(X) < J(X) and either I(X) or
J(X) is closed
(3) the pairs of mappings {F, I} and {G, J} are weakly
compatible,
then F, G, I, J have a unique common fixed point u e X .
Moreover, Fu = Gu = {u}.
Proof. Let X, be an arbitrary point of X. By the condition
(2) there exists x; € X such that Jx; € Fxo. Furthermore,
for this point x; we can choose x, € X such that Ix, € Gx;
and d (Jx;, Ix ) < H(Fxy,Gx)
By the condition (1) of Theorem 3.1 we have
d (3%, 1xp) < H(FXo,Gx) < N (%9, %)~ (N (%, %)) -
Continuing this process, we can define inductively the
sequence {X, } as follows:

IKons1 € Fop, IX,, € GX,,,4 forneN and
d (I1Xgn, Xany1 ) < H(FXpn, GXon4)

: 4)
<N(Xan-1s Xon) = @(N (Xon-1, Xon)
where
d (1Xon, Mansa ) < N(Xan_1, Xon )
d (1%, Mon_1), d (X, FXop ), d(IXon_1, GXopg),s
=maxs d(Ixp,, GXop_1) +d(IXon_1, FXop)
2
d ( IX2n ’ JXZn—l)y d (|X2n ' JX2n+1)v d (JXZn—la IX2n ),
S maXy d (X, 1Xpn) +d(IXon_1, MXonyg)
2
d (|X2n ’ JXZn—1)1 d (|X2n ’ JX2n+1)’
< maxy d (‘]X2nfl’ IX2n ) +d (IXZn ' ‘]X2n+1)

2
< max {d (X, Xon_1), d(IXz JX2n+l)} -
So,
d (X, Xonsa ) < N(Xn 1, Xon) A (X, Xon 1) (5)
Also
d (Xans2s Mo ) < H(FXons2, GXonar) ©)

<N (X2n s Xon41) = @(N (X, Xon41) °
where
d (|X2n+2 ' ‘]X2n+1) <N (X2n , X2n+1)
d ( |X2n ' ‘]X2n+1)’ d ( IX2n ' FX2n ), d (‘]X2n+11 Gx2n+1)1
=maxy d(Ixan, GXonyg) +d(Ianyg, FXon)
2
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<

d(IXan s Xony2) +d(IXansg, Honas)
2

d (|X2n ' JX2n+1)a d (JX2n+la IX2n+2 )!
smaxy d ( |X2n ' JX2n+1) +d (‘]X2n+1’ |X2n+2)
2
< max {d (IXon » Mons1), d(IXang s Xonso )} :
So,
d (Pons2, Ponsa ) < N(¥on, Xons2) <d(Xn, Ponir) — (7)
Let put for convenience,

|X2n k = 2n
Yk =
‘]in—l k = 2n —1
By (5) and (7), we conclude that
d(Yierr Vi) < Nk Vo) <d (Yo Vi) » for keN .
It implies that the sequence {d (V. yk+1)} is monotone

d(IXon, Mon1), d(IXan s Xonsa ), d(Ianas Xons2),
max

non-increasing and bounded below. So there exists | > 0
such that

lim d (¥, Yia) = Jim Ny Yiea) =1 -
Since ¢ is lower semi-continuous,
p(1) < lim inf p(N(Yic, Vi) -
By (4) and (6) we conclude that
I<I-¢(l) i.e. o(I) = 0 and | = 0, by the property of the
function ¢ and so
lim d (¥, Yiea) = Jim N(yi, Yeia) =0 - (8)
Next we show that {y,} is a Cauchy sequence. Let,
Cy =sup{d(yi, yj):i, j>k}.
Obviously {C, } is decreasing. So there exists C > 0 such
that lim C, =C .
k—>0
For every p e N, there exist k(p), s(p) € N such that k(p),
s(p) > p and
Cp _% <d(Y(p): Ys(p)) <Cp -

S0, lim d(¥(p) Ys(p)) =€ -

Let us to prove that C = 0.
Case 1: If k(p) is even and s(p) is odd, so k(p) = 2q and
s(p) = 2t—1, by (1), we have

d (yk(p)+l’ ys(p)+l) =d (YZq+lv YZt) <d (‘]X2q+1v IXZt)
S H(Fxog, Gxar1) S N(Xaq. Xt1) = 0N (Xaq. Xt 1))
where,
d(Yi(py+1r Ys(py+2) S N(Yicpy» Ys(py) = N(Xog Xor-1)
d(IXaq, IXo1), d(IXaq, FXoq ), d (X, GXoy 1),
= Max d(Ixaq, GXpr 1) +d (It 1, FXoq)
2

©)
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d(IXaq, Iat-1), d(IXaq Iagsa) A (It IXar),
< Maxy d(Ixgq, 1Xpr ) +d(IXpr 1, ogsa)

2
d (Vi) Ys(p) ) Ak(py» Yieepyer ) A (Vspy s Ys(pyst)s
=MaxXs d(Yy(py» Ys(pys1) + 4 Ysp)» Ye(p)et) (10)
2
As p—o>teo  in  inequality (10), we have
’!i_TDN(yk(p)’ys(p)):C : (11)

Since ¢ is lower semi-continuous and (8), (9), and (11)
hold, we have C <C —¢(C).Hence ¢(C) =0andso C=0.

Similarly, if k(p) is odd and s(p) is even.

Case 2: If k(p) and s(p) is even, so k(p) = 2g and
s(p) = 2t, by (1), we have

d(Yk(p)Jrl: ys(p)+1) =d (JX2q+1v Jy2t+1) <H (FXZq ' FXZt)

S H(FXoq, GXage1) + H(GCXog1, FXor)
<N (XZq , X2q+1) —-o(N (XZq ) X2q+1))

+N (Xaqs1, Xor ) = (N (Xoqu1, %t ))

By (8), (9), (11), and (12), we have C=0.

Similarly, if k(p) and s(p) is odd.

Therefore, {y,} is a Cauchy sequence.

Since (X, d) is complete, there exists u € X such that

lim y, =u. Thisimplies lim Ixy, = lim Jx,,; =u
n—oo n—oo

k—o
and sequences {Fxy, },{GXyy,;} converge at {u}. (13)
Suppose now that the set J(X) is closed. Then there is, by
condition (2), a point v e X such that Jv = u.
Using (1) we obtain
H(FXon,GV) < N(X2n,V) —(N(Xz5,V)) . (14)

d(IXon, V), d(IXon, FXop), d(Jv, Gv),
N (Xon, V) = max 3 d (Ixy,, Gv) +d (v, Fxp, )

2

Letting n — oo in the above inequality and by (13) we get
lim N(xgq,v) =

d(u,u),d(u,{u}),d(u,Gv), . (15)
max y d(u,{u}) +d(u, Gv) =d(u,Gv)
2
Letting n —oo in (14) and by (15) we get
H(u,Gv) <d(u,Gv)—¢p(d(u,Gv)), so ¢(d(u,Gv))=0
and d(u,Gv)=0.
Hence Gv={u}={Jv}. But the pair of maps {G, J} are
weakly compatible, thus
GJv=JGy, i.e. Gu={Ju}. (16)
Now we show that u is a fixed point for G and for J.
Suppose not.
By (1) we have
H (Fxan, Gu) < N(Xgn, U) —@(N(Xg,, U)) (17)

(12)
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and

d(Ixgp, Ju), d(IX9, , FXop, ), d (Ju, Gu),
N (Xpn,U) = max 1 d(Ix,,,, Gu) +d (Ju, Fxy,)
2

Letting n — oo in the above inequality and by (13), (16)
we get

lim N(x,,,u) =

n—oo

d(u,Gu),d(u,{u}),d(Ju,{Iu}),

maX+ d(u, Gu) +d(u, Gu)
2

Letting n — o in (17) and by (18) we get
H(u,Gu) <d(u,Gu)—¢(d(u,Gu)), so ¢(d(u,Gu))=0
and d(u,Gu)=0.
Thus we have Gu ={u}={Ju} and u is a fixed point for
G and J.
Now, WG(X) < I(X) implies that exists w € X such
that Gu ={lw}. Hence {u}=Gu ={Ju}={Iw}.
Using (1) we get
H(Fw, u) = H(Fw, Gu) < N(w, u) — (N (w, u))
and

.(18)
=d(u,Gu)

d(lw, Ju),d(lw, Fw), d(Ju, Gu),

N (w, u) =max ¢ d(Iw, Gu) +d (Ju, Fw) =d(u, Fw).
2
So, H(Fw, u) <d(Fw,u) —e(d(Fw,u)) and

@(d(Fw,u))=0 and d(Fw,u)=0 and {u}=Fw={lw}.
Hence,
{u}=Gu ={Ju}= Fw={lw}.
But the pair of maps {F,I} are weakly compatible, thus
Flw=IFw, i.e. Fu={lu}.
Moreover,
H(Fu,u) =H(Fu,Gu) < N(u,u) —@(N(u,u))

and

d(lu, Ju),d(lu, Fu),d(Ju, Gu),
N (u,u) =max < d(lu, Gu) +d(Ju, Fu)

2
So, H(Fu,u) <d(Fu,u)—¢@(d(Fu,u))
¢(d(Fu,u)) =0 and d(Fu,u)=0 and
{u}=Gu={du}=Fu={lu} ie. u is e common fixed
point for F, G, I, J.
Similarly, one can reach the above fact by assuming that
I(X) is closed.
Furthermore, we can prove that u is unique. In fact, if u
and v are two common fixed points for F, G, 1, J, then by
(1) we have
H(u,v) =H(Fu,Gv) < N(u,v)—@(N(u,Vv))

=d(u, Fu).

and
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and

d(lu, Jv),d(lu, Fu),d(Jv,Gv),
N(u, V) =max3 d(lu, Gv) +d(Jv, Fu)

2

So, H(u,v)<d(u,v)—e(d(u,v)) and ¢@(d(u,v))=0
and d(u,v) =0 and u=v. The proof is complete.
Theorem 3.2. Let(X,d) be a complete metric space,
and let F,G: X — B(X)be two multi-valued mappings
such that for all x,y e X
(1) H(FX,Gy) <M(X, y) —p(M (X, y)
where  @:[0, +oo[—>[0,+oq[is a l.s.c. function with
@(t) >0 forallt>0and ¢(0)=0.
then F, G, have a common fixed point ue X .
Proof. By  taking 1=J=1y we  have
WG(X)cI(X)=X , UF(X)cJ(X)=X and X is
closed. Hence F, G, I, J complete the condition in
Theorem 3.1 and F, G, have a common fixed point
ue X .
Remark. This theorem extends the Rohuani and Moradi
theorem (Theorem 3.1. [10]).
Theorem 3.3. ([10] Theorem 4.2) Let(X,d) be a
complete metric space, and let S:X —B(X) and
T: X — X be two mappings such that for all x,y e X
(1) H{TX Sy) <M (X, y) —o(M(x,Y)) .
where @ :[0, +oo[ —>[0,+od[is an ls.c. function with
o(t)>0forallt>0and ¢(0)=0.
Then F, | have a unique common fixed point ue X .
Proof. The proof of this theorem is similar to the
Theorem 3.1 for Gx={Tx} F=Sandl =J=1y.
Theorem 3.4. Let (X,d)be a complete metric spaces
and F, G, I, J: X —» X are mappings, such that for all
X, yeX
(1) H(FX,Gy) < N(x, ¥) —@(N(x, y))
(2) F(X) = J(X), G(X) = I(X)
(3) The pairs (I, F) and (J, G) are weakly compatible.
Then F, G, I and J have a unique fixed point in X.

Proof. The proof of this theorem is similar to the
Theorem 3.1 for Fx={Fx} and Gx ={Gx}.

Remark. Theorem 3.4 extends the Zhang-Song theorem
(Theorem 2.1. [12]).
Example. 3.4. Let X = [0, 1] endowed with metric
max{x,y} X=zYy
d(x,y) {0 -
X=y

=d(u,v)
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Let F,G: X - B(X) be defined by

Fx:[O,E], Gy:{%}and let 1,3:X — X be defined

1
X X< =
by |X= 2! Jy:y
1
2X x> =
2

H(Fx, Gy) = max{% : %}, d(Jy,Gy)=y=d(Jy, Fx),

max{Xx, y} xs1
d(Ix, Jy) = 12 ,
max{2x, y} x>§
1
X X<=
d(Ix, Fx) = 2,
1
2X X>=
max{x,l} xs1
d(Ix, Gy) = 4 2,
max{ZX%} x> =
X x<l <X
<5 y
1
y xsE,y>x
N(x, y)=

2X x>%,y£2x

1
X>=,y>2X
y > y

gtz ts%
For o(t) =
20 =115 1
—1t t>—
16 2
we conclude that H(Fx,Gy) < N(x, y) —@(N(x, y) for all

X, yeX.
So F, G, I, J have a unique common fixed point (x = 0).
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